Many signals encountered in science and engineering are approximated well by bandlimited functions. We provide suitable error bounds for the approximation of bandlimited functions by linear combinations of certain special functions -the Prolate Spheroidal Wave Functions of order 0. The coefficients in the approximating linear combinations are given explicitly via appropriate quadrature formulae.
Introduction
Bandlimited functions arise frequently in many scientific and engineering contexts, particularly those involving signal processing. A bandlimited function f is a function such that
for some complex-valued measure μ with For discussion of similar numerical schemes optimized for use with bandlimited functions, see [1] , [2] , and [5] . The error bounds found in [5] break down in certain circumstances; the purpose of the present note is to provide suitable error bounds for the type of approximation first introduced in [5] .
The present note has the following structure: Section 2 summarizes several well-known facts about Prolate Spheroidal Wave Functions and sets the notation used throughout the present note. Section 3 constructs a scheme for approximating bandlimited functions.
Preliminaries
This section summarizes certain well-known properties of Prolate Spheroidal Wave Functions.
All of these can be found in [4] and [5] . The notation introduced in the present section will be used without further notice throughout the remainder of the present note. following theorem, proven (in a slightly different form) in [3] , states this more precisely.
Theorem 2.1
Suppose that ε is a real number such that 0 < ε < 1.
Then,
where
The following lemma, providing an expression for λ 
Lemma 2.2 Suppose that c is a positive real number and k is a nonnegative integer.
Then,
where Γ is the gamma (factorial) function.
The following lemma, providing a bound for ψ c k (1) , is stated as Formula 66 in [4] ; details of its proof will be reported at a later date.
Lemma 2.3 Suppose that c is a positive real number and k is a nonnegative integer.
Then, 
A detailed proof of (11) will be reported at a later date. 
for any x ∈ [−1, 1], complex-valued measure μ, and function f on [−1, 1] of the form (1).
Remark 2.5
As shown in [5] , there exist two different methods for generating generalized Gaussian quadrature nodes and weights which integrate bandlimited functions, the first using the zeros of PSWFs, and the second using quadratures that are exact for sets of PSWFs. Justification that the first method works can be found in [1] , while a proof that the second method works can be found in [2] . Copious numerical examples and applications of quadratures generated by both methods can be found in [5] . 
Truncation of infinite series of PSWFs
For any positive real number c, since (as mentioned in Section 2) the PSWFs are orthonormal and complete in L 2 ([−1, 1]), any function f with bandlimit c has an L 2 -convergent expansion
where p c k is the projection of f onto ψ c k , defined by
This subsection provides a bound for |p c k | and thence for the error in truncating the infinite sum in (13).
The following lemma provides a bound for the magnitude of the projection of a bandlimited function onto a PSWF.
Lemma 3.1 Suppose that c is a positive real number, k is a nonnegative integer, and f is a function on [−1, 1] of the form (1), for some complex-valued measure μ.
Then, Proof. Substituting (1) into (14), exchanging the order of integration, and using (5) yields (15). 2
The following lemma provides an extremely rough bound on a certain series which relates to the tail of the series in (13).
Lemma 3.2 Suppose that c is a positive real number and K is a positive integer such that
Proof. Combining (8) and (9) yields that
for any nonnegative integer k. It follows from (18) that
for any integer k with k ≥ 2c. Combining (19), (16), and (11) yields (17). Proof. The series (20) converges uniformly since, due to (17), it satisfies the Cauchy criterion for uniform convergence, i.e., given any positive real number ε, there exists an integer K such that
for any x ∈ [−1, 1] and integers N 0 and N 1 with
Combining the fact that (13) Then,
for any
. Table 1 lists the errors due to truncating the expansion (13) after K terms. That is, Table 1 lists numerical values of the series
from the right hand side of (22), for the specified values of c and K.
Product of a PSWF and a bandlimited function
Applying quadratures to the integrand ψ The following lemma, a consequence of (5), states that a PSWF is bandlimited.
Lemma 3.6
Suppose that c is a positive real number and k is a nonnegative integer. Then,
for any x ∈ [−1, 1], where the complex-valued measure μ k is defined by
Furthermore,
The representation (24) yields the following lemma; this lemma states that the product of a bandlimited function and a PSWF is bandlimited, with twice the bandlimit of the bandlimited function and the PSWF factors in the product. Furthermore,
